Introduction.
The existence of an invariant measure is a hypothesis for many theorems in topological dynamics [2] . N. M. Krylov and N. N. Bogoliubov have demonstrated the existence of such a measure when a one-parameter transformation group acts on a compact metric space [l] . Their proof involves the sequential compactness of the space of normalized measures of a compact metric space.
In this paper we shall investigate the existence of invariant positive linear functionals which is equivalent to the existence of invariant Borel measures. A different and more general approach will be used from that of the above paper. We shall not assume the space being considered to be metrizable.
The author would like to express his gratitude to Professor Felix Haas for his encouragement during the writing of this paper. Finally, since L(3)(Af, S)) =L'(S)(M, S)) =0, Z, is an S-functional and the theorem is proven.
We next show that under certain conditions, 1D(M, S) satisfies the hypothesis of Theorem I.
Theorem II. Let SC^iM) form a semi-group with respect to composition. Furthermore, let xCM be such that Sx is contained in a single component of M and such that for any g, hC §>, gihix)) = higix)).
Then it follows that *GSD(M1 cS)^*"1^) ¿¿0.
Proof. Assume the contrary.
Then for some *= Yk-i<f>kgk-tbk, 0(£*(M).
Without loss of generality, we may assume . This contradiction proves the theorem. We note that in general, the condition of Theorem I is not necessary. This can readily be seen if one considers the case where M consists of a discrete space with two points and S is the group of permutations.
4. Necessity of the condition. If we impose certain auxiliary restrictions, the condition of Theorem I becomes a necessary one as we now show.
Notation The continuity of *' follows from the fact that it is continuous on the open and closed sets M' and M" and is consistently defined on their (empty) intersection. Since %xCMx for all x, it can easily be shown that *'££>(Af, S). But from the fact that fi&dp' it follows that Li<b')=dm>0.
However Z(2D(Af, S))=0 since L is an S-functional.
This contradiction proves the theorem.
5.
Applications. The following corollaries are consequences of the above theorems.
Corollary.
If G is a transformation group acting on a compact space M, and either G or M is connected, then there exists a G-functional if and only if <bC$>(M, G)=**-x(0) ^0'.
If G is an abelian transformation group acting on a compact space M and either G or M is connected, then there exists a Gfunctional.
While it can be shown that for a single transformation, h, of a compact metric space there always exists an ft-functional (by using a method similar to that of Krylov and Bogoliubov), we conclude this article by exhibiting a compact space and two homeomorphisms which do not admit a functional invariant under both of them.
Example. Let M be the unit circle \z\ =1 in the complex plane. Consider the following homeomorphisms: 
